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Non-autonomous quantum systems with scale-dependent interface 

conditions. 

Andrea Mantile* 


Abstract 

We consider a class of modified Schrodinger operators where the semiclassical Laplacian is perturbed with 
ft-dependent interface conditions occurring at the boundaries of the potential’s support. Under positivity 
assumptions on the potential, we show that this modification produces a small perturbation on the dynamics 
as ft —>• 0, independently from the time scale. In the case of a time dependent potential, this yields uniform- 
in-ft stability estimates for products of instantaneous propagators. Then, following a standard approach, the 
non-autonomous dynamical system is defined as a limit of stepwise propagators and its small-ft expansion 
is provided under suitable regularity assumptions on the potential’s variations. 


1 Introduction 

Singular perturbations of the ID Laplacian through non-mixed interface conditions have been used as a technical 
tool for the study of the adiabatic evolution of shape resonances in the asymptotic regime of quantum wells. A 
possible approach to this problem consists in using a complex dilation to identify the resonances and write the 
adiabatic problem as an evolution equation for proper eigenstates of the deformed Hamiltonian with spectral 
gap condition. This scheme does not allow a uniform-in-time estimate of the resulting dynamical system and 
prevents a rigorous estimate of the error in the adiabatic limit. An alternative approach developed in [3] 
consists in modifying the physical Hamiltonian by replacing its kinetic part with a perturbed Laplacian Ag, 
whose domain is the restriction 


( e 2 u(b + ) = u(b ), e 2 e u'(b + ) = u'(b ), 

D(A e ) = H 2 (R\{a,b}) \u: l (1.1) 

[ e~^u(a~) = u(a + ), e~i e u'(a~) = u'(a + ), 

(here: ft £ C and u(x^) denote the right and left limits of the function in x), while the action is given by: 
Agu(x) = u"{x) for i£l\ {a, b}. The corresponding modified Hamiltonian: Hg = —h 2 Ag + V, is defined with 
a potential V compactly supported on [a, b] and possibly depending on ft. The potential’s profile can be chosen 
in order to fix some required spectral condition (as the existence of shape resonances): in this framework, ft is 
a small parameter fixing the quantum scale of the model. 

According to the analytic dilation technique, the resonances of Hg identify, in the sector 
{zSC, — 2Iuup < arg z < 0}, with the spectral points of the deformed operator: 

Hg (v 5 ) = — h 2 e~ 2,pla \ ( - a ’ b ^ x ^Ag +V> + V resulting from the sharp exterior dilation: x —> e 81m ^ a ’ b '>^ x ' > x (see [H 
Proposition 3.6]; see also [6] Chp. 16] and the references therein for an introduction to the complex deformation 
method). The interest in these models stands upon the fact that, when 9 = ip and Imft > 0, the perturbed 
Laplacian — iAg transforms into the maximal accretive operator: — A 20 (being lR\( aj b) the char¬ 

acteristic function of the exterior domain). Hence, the corresponding complex dilated Hamiltonian: Hg (ft), 
although nonselfadjoint, is the generator of a quantum semigroup of contractions (we refer to the Lemma 3.1 in 
HD- In the time-dependent case, this allows to rephrase the adiabatic evolution problem for the resonances of 
Hg (t) = —ft 2 Ag + V (t) as an adiabatic problem for the corresponding eigenstates of Hg (ft, t) and, accounting 
the contractivity property of a ’standard’ adiabatic theory can be developed (e.g. in urn- This 

approach leaded to a version of the adiabatic theorem holding for shape resonances in the regime of quantum 
wells in a semiclassical island [3} Theorem 7.1]. 

The error introduced using modified Hamiltonians of the type Hg is determined by the difference between the 
modified dynamics and the unitary evolution generated by the corresponding selfadjoint operator Hq . To justify 
the use of Hg in modelling realistic physical situations, this error needs to be carefully estimated uniformly-in- 
time when ft is assumed to be small. The case of time independent potentials have been considered in 0-QJ3- 
It is worthwhile to mention at this concern that, for ft small, Hg is neither selfadjoint nor symmetric. Hence 
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the definition of the quantum dynamics generated by the modified operator does not follows using standard 
arguments from selfadjoint theory. For h = 1, an accurate resolvent analysis, and explicit formulas for the 
generalized eigenfunctions of the modified operator, allow to obtain a small-0 expansion of the stationary waves 
operators for couple provided that V G L 2 (R) is compactly supported on [a, b\ and defined positive. 

This yields an uniform-in-time estimate for the ’distance’ between the two dynamics according to the expansion: 
e ~itH e _ £ -itH 0 _|_ q where O (•) is intended in the L 2 -operator norm sense (see theorem 1.2 in [9]). The 
case of /i-dependent models is considered in m under the asymptotic regime of quantum wells in a semiclassical 
island; this particular framework, realized with a potential formed by the superposition of a potential barrier 
supported on [a, b] and potential wells supported in (a, b) with support of size h ~ 0, has been shown to be 
relevant for the modelling of quantum transport systems where the charge careers couples with quasi-stationary 
quantum states (see e.g. in 0 , 0 , 0 ). Using specific spectral assumptions, a small-0 expansion for the modified 
dynamical system , similar to the one given in [5], has been obtained in this case (see Theorem 4.4 in 

EEj) ; nevertheless, when both h and 0 are small, the resulting error term is small uniformly in time only for 
initial states belonging to an appropriate subspace with prescribed energy conditions. This prevents to extend 
the result to the most relevant case of time dependent potentials. 

In this work we first reconsider the case of autonomous potentials under generic assumptions. In particular, 
for V £ L°° (R) with compact support on [a, b} and l[ a ,6] V > 0, we provide a small-0 expansion of the propagator 
e ~ ltH t> globally holding on L 2 (R) uniformly w.r.t. f £ R and h £ (0, ho). This generalizes the result obtained in 
m and allows us to discuss the case of time dependent potentials by adapting the Kato-Yoshida construction of 
the modified dynamics in terms of piecewise product of modified propagators. Although not strictly tailored on 
the case of the quantum well regime, our assumptions also includes the case of /i-dependent potentials, while the 
positivity constraint on V is still coherent with the description of a potential island generating shape resonances; 
in this connection, the operators concerned with our work can be adapted to the modelling of physical systems 
involving the interaction with quasi-stationary states corresponding to shape resonances. 


2 Models and results 


We consider the modified Schrodinger operators 

D (Hg ) = D (Ag) , (Hg u) (x) = — h 2 u"(x) + V(a;) u(x) , ieR\{«,i)}, (2.1) 

where Ag is defined according to (11.11) . The domain D {Ag) is next considered as an Hilbert subspace of 
H 2 (R\{a, b}) (see the definition (11. ID 1 . 

Theorem 2.1 Let h £ (0,/io], c > 0, |0| < h N ° with ho suitably small and Nq > 2. For V defined according to 


Vei°°(R), suppV=[a,b], l [a ,6 ]V>c, (2.2) 

The map iHg generates a strongly continuous group of bounded operators both on L 2 (R) and on the Hilbert 
space D (Ag) equipped with the H 2 (R\ {a, b})-norm. For u £ D (Ag) the identity: id t ^ e~ ltH <> u'j = Hge~ ztH <> u, 
holds in the L 2 (R) -sense. 

For a fixed t, e~ ltHe is 0 -analytic w.r.t. the L 2 (R) -operator norm and allows the expansion 


sup 

t£R 




— e 


-itHg 


£(L 2 (R)) 


<C a , c h N ° 


-2 


(2.3) 


with C a ,b,c > 0, possibly depending on the data a, b , c. 


The case of a time dependent Hamiltonian 

Hjf (t) = -h 2 A e + V (t) (2.4) 


is analyzed under the assumptions 

V (t) £ C° ([0, T\ , T°°(R, R)) , supp V (t) = [a, b] , 1 M] V (t) > c , (2.5) 

for some c > 0, and 

V(t)-V(s) € W*'°°([a,b}) , Vt,s£[T, 0], (2.6) 

where 

Wo’°° ([a, 6]) = {fi £ IT 2,00 ([a, b]) \ if (a) = ip 1 (a) = 0 , a = a, 5} . (2.7) 

The small-0 behaviour of the resulting quantum dynamical system is characterized as follows. 
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Theorem 2.2 Let h £ (0, ho], |0| < h N ° with ho suitably small and Nq > 2, and assume Hg (t) to be defined 
according to Under the conditions CT-CT. there exists a unique family of operators Ug ( t, s), bounded 

and strongly continuous in t and s w.r.t. the L 2 (R )-operator norm, fulfilling the identities 

Ug(s,s) = 1 L 2 (r) , Ug (t, s) = Ug (t,r) Ug n (r, s) , V s < r < f, (2.8) 

and such that Ug (t, s) u is the solution of the Cauchy problem 


id t Ug ( t ) = Hj} (t) u% (t) , 0 < s < t < T, 

u h g (s) = u £ D(A g ) . 


(2.9) 


Moreover, Ug (t, s) is 8-holomorphic in £ ( L 2 (R)) and allows the estimates 


sup || Ufr(t,s) 

s,te[o,T] 


Uq (t, — -^ a ,b,c SUp ||V (t)|| L oo( K ) 

v v " tg[0,T] 


h N 0 -2-5 


( 2 . 10 ) 


with M a} b :C > 0 depending on the data, but independent from T, and S > 0 arbitrarily small. 

Our modified model Hg identifies with an extension of the symmetric operator 

Hqq =H% \ {u£H 2 ( R) | u{a) =u'{a ) =0, a = a,b} . (2.11) 

Hence, Hg is explicitly solvable w.r.t. Hq and relevant quantities, as its resolvent or generalized eigenfunctions, 
can be expressed in terms of corresponding non-modified quantities, related to Hq, through non-perturbative 
formulas. This well-known property of point perturbations (see e.g. in in) provides with an useful tool for the 
spectral analysis and allows to consider the pair {Hg,H[f} as a scattering system. Following this approach, 
in the Section [3l we use a ’Krein-like’ formula for the modified generalized eigenfunctions: this yields a non- 
perturbative representation of the stationary wave operators related to the couple {Hg , Hq} . Thus, in the 

autonomous case, the quantum dynamics generated by Hg is determined by conjugation from e~ ltH ° and an 
uniform-in-time estimate for the ’distance’ between the two dynamics follows from the small-0 behaviour of 
the stationary waves operators. In particular, the positivity assumption for the potential allows to extend the 
result obtained in m, providing with the small-0 expansion m for the modified quantum propagator holding 
without restrictions on the initial state. 

In the non-autonomous case, considered in the Section^ the dynamics is approximated by a stepwise product 
of propagators associated to the ‘instantaneous’ Hamiltonians. The stability of the approximating dynamics 
w.r.t. the C (L 2 (R)) and £ (D (A g)) topologies is discussed in the Lemma E3 using this result, its uniform 
convergence is obtained in the Proposition 14.31 by adapting the approach of [8] to our nonselfadjoint framework. 

The expansion (12.101) . obtained under the conditions (12.511 - (12.61) . describes the asymptotic behaviour of the 
modified dynamical system, as h,9 —> 0, in the case of time-dependent potentials. It is worthwhile to remark 
that the prescription: V (i) — V (s) £ Wq’°° ([a, 6]) in (12.61) is coherent with the modelling of quantum transport 
systems where the variations in time of the potential, determined by the (possibly nonlinear) time evolution 
of quasi-stationary states, are expected to be concentrated in small regions of the device (i.e. inside (a, 6)). 
Moreover, this result does not depends on the time scale T: hence, it can be possibly adapted to the analysis 
of adiabatic evolution problems, where the potential’s variation rate is fixed by e small, and the natural time 
scale grows according to 1/e. 


2.1 Notation 

In what follows: Bg(p) is the open disk of radius <5 centered in a point p £ C; C + is the upper complex half-plane; 
lfi(-) is the characteristic function of a domain H; djf, denotes the derivative of / w.r.t. the j-th variable; C%(U) 
is the set of C n -continuous functions w.r.t. x £ U C R, while H Z {D) is the set of holomorphic functions w.r.t. 
z £ D C C. The notation ’<’, appearing in some of the proofs, denotes the inequality: ’< C being C a suitable 
positive constant. Moreover, the generalization of the Landau notation O (•) is defined according to 

. d&f 

Definition 2.3 Let be X a metric space and f, g : X —> C. Then f = O (g) <(=> V x £ X it holds: 

f(x) = p(x)g(x), being p a bounded map X —> C. 


3 Scattering by interface conditions 

Following the analysis developed in [9].|10j. we next resume the main features of the operators Hg, focusing on 
the scattering couple {Hg ,Hq }. 
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In the case h = 1, it has been shown that the interface conditions (O) do not modify the spectrum provided 
that 9 is small (see 0 Proposition 2.6]). In the present case, the dilation: y = (x — (b + a) /2) jh transforms 
the boundary conditions m into 


e s/2 u{/ 3+) =u(P h ), 
e- 0l2 u(a~) = u{a+), 


e e3/2 u'((3+) = u’(P h ), 
e~ 83/2 u'(a-) = u'(a+), 


(3.1) 


with: ah = — (b — a) /2h and ph = (b — a) /2 h. The corresponding unitary map on L 2 (R) transforms Hg into 
the dilated operator 

f D (^Hg'j = {uG H 2 (R\ {a h , /3 h }) | (TQ1) holds } , 

Hg : \ (3.2) 

(h 6 uj (x) = -u"(x) + V(x) u{x ), x G M\{a h ,/3h} , 


where V (x) = V (hx + (b + a) / 2) is compactly supported on [ah, Phi- 
Proposition 3.1 Let h > 0 fixed and consider the operators Hg defined in \2.1\) with 

V G L 2 (R, R), supp V = [a, b\ . (3.3) 


For any couple 9 G C, the essential part of the spectrum is a ess ( Hg ) = R + . If, in addition, V is assumed to be 
defined positive, i. e. 

(u, Vu) L 2 {{a b)) > 0 V«Gl 2 ((o,())) si.a/0, (3.4) 

it exists S > 0, possibly depending on h, such that: a (Hg ) = R + for all 9 G Bg (0). 

Proof. From to the Proposition 2.6 in [5], the result holds for Hg; then it extends to Hg due to the unitarily 
equivalence of the two operators. ■ 


Notice The essential spectrum of A is here defined according to |T2] as o ess (H) = C\J r (A), being T (A) the 
set of complex A G C s.t. (A — A) is Fredholm. 

The point perturbation model Hg can be described as a restriction of the adjoint operator (Hq 0 )* lsee l2.1l|) 
through linear relations on an auxiliary Hilbert space. This construction, achieved in llOj using the ’boundary 
triples’ technique, allows to express the difference (Hg — z) — (Hq — z ) in terms of a finite rank operator 
with range: ker 0 )* — zj. A basis of this defect space is formed by the Green’s functions associated to the 

differential operator {—h 2 d 2 + V— z), and by their first derivatives. Let 2 G res ( Hq ) and introduce g z ’ h (x,y) 
and H z,h [x, y) as solutions of the boundary value problems 


(3.5) 


and 


(-h 2 d 2 x + v-z)g z ' h (., y ) = o, in: 

G z,h (y + ,y ) = G z ’ h {y~,y), h 2 (<9i Q z {y + ,y) - d 1 g z {y~,y)) = -1, 

(-h 2 %+V-z)H*> h {-,y) = 0, inR/M, 

h 2 (H z ’ h {y + ,y) - H z ’ h (y~,y)) = 1, <9i% 2 (y + ,y) = <9i H z {y~,y ), 

Then ker ((#o i0 )* ~ z ) = l c ■ {7zAj}j=i> with 

lz,h,i = g z,h {x, b) , 7 Zj/1i2 = U z ' h {x , b) , 7*^,3 = g z,h (x, a ), 7.^,4 = H z ’ h (x, a ) . 
Following [TO] eq. (2.19) and (2.26)], for all 2 G res (Hq) the identity 


{H£-z) 1 — (Hq — z ) 1 


4 

J2 [{Bgq{z,h)-A e y 1 Bg _ .(7s, 


(3.6) 


(3.7) 


(3.8) 


ij =1 


holds with 


h 2 Ag - 1 = 


/e 03 / 2 

\ 


( 0 

1 - e 83 ' 2 \ 


e S/2 

) Bg = 

e 6 ! 2 - 1 

0 


g-03/2 


0 1 - e- 83 ' 2 

V 

e~ 8 / 2 ) 


l 

e~ 8 / 2 -1 0 / 


(3.9) 
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and q(z, h ) depending on the boundary values of G z,h , 3i z ’ h 

and d\H z 

h according to 


q(z, 

h) 








( 

G z,h (b, b) 

-(H z ’ h (b-,b) + d?) 

G z 

,h (b, a) 

—H z,h (b, a) 

\ 


n z 

’ h (.b~,b) + d? 

-0i H z ’ h (b, b ) 

n z 

’ h (a,b ) 

-0i H z ’ h (b, a) 




G z ’ h (a,b) 

-n z ' h {a,b) 

G z 

h (a,a) 

-(?^(a+,a)-^ 



\ 

U z ’ h {b , a) 

—di'H z,h (a, b) U z 

h (a 

+ ,«) - 

2 h -01 n z ’ h (a,a) 

/ 


The Green’s functions Q z,h , 'H z ' h are related to the Jost’s solutions of the equation 

(- h 2 dl + V)u = C 2 u , (eC + , 

next denoted with x± (•, C)•> fulfilling the exterior conditions 


xU;0\ x>b = e^ x , X- (-,0 


(3.10) 


(3.11) 


(3.12) 


A detailed analysis of their properties have been given in |13j for generic .^-potentials, while the particular 
case of a potential barrier is explicitly considered in [S] for h = 1. The h-dependent case can be considered as 
a rescaled problem and the result presented in [9] rephrase as follows 


Lemma 3.2 Let V £ L 2 (R,R) s.t.: supp V = [a, b\. For any fixed h > 0, the solutions x± to the problem 
\3.11\) - \3.12\) belong to C£ (R, LLq (C + )) and have continuous extension to the real axis. 


Proof. With the change of variable: y = (x — (b + a) /2) /h, the problem (13. 11 II - (13.1211 writes as 


[~ d l + v) x± = C 2 X± , CGC+, 

X+ (•> 0\ y> (b-a)/2h ~ e ^ ’ X- (■)0| I/ <_(j,_ o )/2/ l 


= e~ iCv . 


(3.13) 


where V denotes the dilated potential: V (y) = V (hy + (b + a) / 2), supported on [— ( b — a) /2 h, ( b — a) /2 h\, 
while x± correspond to the rescaled Jost’s functions 


X± ( V) = X± (hy + (b +a) /2) e ~^+*). 


(3.14) 


In this framework the Proposition 2.2 in [9j applies; this yield x± £ Cy (R, Hq (C + )) with continuous extensions 


to the closed complex half-plane C+. 

Let ( £ C+ be such that: C, 2 £ res 
we get 

G^’ h (-,y) = 


rf 2 ’ h (- iy ) = 


(Hq) ; rephrasing the relation [J3, 

Chp. 5, eq. 

(1.10)] in our framework, 

1 J 

[ x+(-,C )x~(y,0, 

x>y, 

(3.15) 

h 2 w h (£) | 

{ x- (•> 0 x+ {y-i C) , 

X < y, 

1 1 

f x+(qC) 0ix- (y, 0 , 

x>y, 

(3.16) 

h 2 w h (£) | 

l x h -(;C)dixX(y,0 , 

x <y. 


where w h ((), depending only on ( and V, denotes the Wronskian associated to the couple {%+ (•,£) ,X- (■, C)} 
(defined by: w (/, g) = fg’ — f'g). Due to the result of the Lemma 13221 for each h > 0, the maps z —>• G z ’ h (x, y), 
z —> y) are meromorphic in C\R+ with a branch cut along the positive real axis and poles, corresponding 

to the points in a p (Hq ) located on the negative real axis. Adapting [131 Chp. 5, eq. (1.9)] to the h-dependent 
case, the function w h (k) fulfills the identity: |tu h (fc)| = k 2 /h 2 + |wo(fc)| 2 , where w^(k) is the wronskian 
associated to the couple {x+ (•, —k ), x~ (q k)}. In particular, the inequality 


1 h 
\w h (k)\ — |fc| 


(3.17) 


implies that the maps z G z ’ h (x,y), z —>• H z ’ h (x,y) continuously extend up to the branch cut, both in the 
limits z —>• k 2 ± *0, with the only possible exception of the point z = 0. 
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The above characterization and the definition (13.101) imply that z ( Bg q(z, h) — Ag ) is meromorphic 

matrix-valued map in C\R+ with continuous extension to z — > k 2 ± *0 for k ^ 0. Due to the identity (13.81) . the 
conditions: 2 £ res (Hq ) and 0 ^ res (Bg q(z, h ) — Ag) (i.e.: 0 is a pole for the inverse, matrix-valued, function 
z — > (Bgq(z,h ) — Ag ) _1 ), compel: z £ a p (Hg). Nevertheless, according to the result of the Proposition 13.11 
for defined positive potentials it results: res (Hg) = res (H^) = C\R+ provided that: 9 £ Bg (0), for a small 
S > 0 possibly depending on h. Hence, under these conditions, the inverse (Bgq(z,h) — Ag ) _1 exists in C\R + 
and has continuous extensions to the branch cut both in the limits z = k 2 ±i0, with the only possible exception 
of the origin. 

The generalized eigenfunctions of our model, next denoted with ipg (•, k), solve of the boundary value problem 


(—h 2 d 2 + V) u = k 2 u , x £ R\ {a, 6 } , k £ I 
e~ e /' 2 u(b + ) = u(b ~), e~ e3 / 2 u'(b + ) = u'(b ~), 

. e~ B t 2 u(a~) = u(a + ), e~ B3 l 2 v! (a~) = u'(a + ), 
and fulfill the exterior conditions 


(3.18) 


1pg(x,k) 


x<a = e^ x + R h (k , 6)e~^ x , ${x, k) 

k> 0 


x>b =T h (k,9)e i ^ 
k> 0 


(3.19) 


i>e(x,k) 


x< a = T h (k,d)e i * x , $(x,k) 

k< 0 


x >6 = e^ x + R h (k,9)e~ i ^ 
fe <0 


(3.20) 


describing an incoming wave function of momentum k with reflection and transmission coefficients R h and T h . 
For 0 = 0, the generalized eigenfunctions of Hq, jJ)q (•, k), depend on the Jost’s solutions x± according to 


[ —h^lkjX+(x,k), for fc > 0 , 

$(x,k) = { (3.21) 

1 h^h)X h -(x,-k), for k < 0. 

Following an approach similar to the one leading to the Krein-like resolvent formula (13.81) , an expansion for the 
difference: ipg(x,k) — ( x ,k) as 6 —> 0 has been provided with In [TUJ eq. (2.19) and (2.26)]. Let G k,h and 

H k,h be defined by 

G ± \k\’ h (-, y) = lim z _j.fe 2 _i_j 0 Q** (., y) , H±W’ h (•, y) = lim z ^ fc2±i0 R z,h (; y) , (3.22) 


and denote with gk,h,j and M h the corresponding limits of 7 z ,h,j and (Bg q(z, h) — Ag) (see the definitions (13.71) . 
(13.101) and (13.91) '): namely, we set 

9±\k\,h,j = linn^iio lz,h,j , M h (± |fc|, 9) = lim z ^. fe 2 ±i0 (Bg q(z, h) - Ag) . (3.23) 

Due to (I3.15I) - (I3.16I) . G k,h and H k ’ h explicitly write as 


G k ’ h ( 7/1 = 

h 2 w h (k) 


X+ (-,k)x- (y,k) , x > y, 
X- i,k)x+ (: V,k ) , x < y, 


(3.24) 


H k ' h (-,y) 


-1 

h 2 w h (k) 


X+ (-,k) dix- (y,k) , x >y, 
X- (-,k) dix+ (y,k) , x <y, 


(3.25) 


while, according to the previous remarks, gk,h,j and M h (k,8) are well defined and continuous w.r.t. k £ I, 
with the only possible exception of the origin. Denoting with 


S h (9) = {k £ R | det M h (k, 9) = 0 } . 

the set of the singular points of A4 h (k, 9), the representation (see [TUI Proposition 2 . 2 ]) 
4>g(-,k) 


4>5(;k)-Etj =1 (M h (k,9)) l Bg V kJl gi,.h. 


for k > 0 , 


j ij 


k) - Ztj =1 (• M h (~k, 9)) L Bg Y k h g , , for fc < 0 , 


holds for any fixed h > 0, 6 G C and k G R *\S h ( 0 ), being T k,h the vector of the boundary values 

2T k ’ h = (ip^(b,k),di^(b,k),ip^;(a,k),d 1 'ip^(a,k)) . 


(3.26) 

(3.27) 


(3.28) 
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3.1 Trace estimates 


We aim to control the coefficients at the r.h.s. of (13.271) when both 9 and h are small. This requires accurate 
estimates for the boundary values of gk,h,j (occurring in the definition of the matrix Mr (k,9 )) and ifo(-,k). 
In [10] eq. (2.19) and (2.26)] these estimates have been provided for a finite energy range when the potential 
describes quantum wells in a semiclassical island. We next reconsider this problem under a generic condition of 
positivity for l[ ajfc ]V. To this aim, we next recall some standard energy estimates; let consider the problem 


(—h 2 <9 2 + V — C 2 ) u = 0 , in (a, b) , 

[hd x + i(\ u(a) = 7 Q , [hd x - if] u(b ) = j b , 


(3.29) 


where: V G L°° (( a,b ) , R), 7 a , 7 & G C, and h > 0. 

Lemma 3.3 Assume f G C+ such that: V — Re £ 2 > c for some c > 0. The solution of 13.29\) fulfills the 
estimate 

h 2 sup |u| + \\hu'\\ L 2 ^ a ^) + ||w|| L 2 q ajb ]) < C a ,b,c—r (l7a| + I7&I) > (3.30) 

[a, b] 112 

with C a ,b,c > 0 possibly depending on the data. 

Proof. From the equation 

<«, {~h 2 dl + V - C 2 ) u) = 0 , (3.31) 

an integration by parts yields 

\\ hu '\\L^[a,b])+ [ (V-C 2 ) M 2 dx + h 2 (u*u'(a) - u*u'(b)) =0. (3.32) 

J a 

Taking into account the boundary conditions in (13.291) . our assumptions (V — Re £ 2 > c and Im(] > 0) imply 

\\ hu '\\Lma,b}) +c ll u lli=([ 0 ,6]) < hRe(\u*(a)\ |7«| - \u*(b)\ |7fe|) . (3.33) 

The estimate (13.301) then follows from (13.331) by taking into account the Gagliardo-Nirenberg inequality: supj a |^| < 

Cb-a \W\\L^((a,b)) Ill’ll L 2 ((a,b))' B 

When the differential operator (— H 2 d 2 + V—k 2 ) is defined with a potential V G L°° (R, M) compactly sup¬ 
ported on [o, 6 ], the corresponding Green’s functions solve boundary value problems of the type (13.291) and the 
Lemma 13.31 applies if: V — k 2 > c. Global-in-A: estimates for their boundary values are next considered by 
combining the explicit representations in terms of the Jost’s solutions, given in (13.241) - (13.251) and (13.211) . and 
energy estimates in the low-energy regime. To this aim, the potential is next assumed to fulfill the stronger 
condition 

VgI°°(K,K), suppV=[a,&], l[a,6]V> c ; (3.34) 

holding for same c > 0 . 


Proposition 3.4 Let V fulfills the conditions J. 3.3f\ ); the relations 


(1 + k)i)g(y,k)\ +h \diil>o(y,k)\ < \k\ C a ,b, c , 


(3.35) 


\(l + k)G k ' h (y,y')\ + \l [aM H k ' h (y,y')\+h ^\d 1 H k ' h (y,y')\ < C aAc h~ 2 , (3.36) 

hold for y,y' G {a,b} and k G I, being C a , b ,c > 0 possibly depending on the data and h G (0, ho] with ho > 0 
small. 


Proof. From the result of the Lemma m the Jost’s solutions x± ( x > k) are C^-continuous and the exterior 
conditions (13.121) can be used for the explicit computation of d{x± (y, k) when y = a,b and j = 0,1. Then, the 
relations (13.211) . (I3.24D - (I3.25D allow to obtain (almost) explicit representations of the quantities considered in 
(13.351) - (13.361) . Let start considering the boundary values fc); we focus on the case y = a, while similar 

computations hold for y = b. If k < 0, the representation (13.2111 and the exterior conditions (13.121) imply 


l{fc<o} (k) V’o ( a - k ) = hwH-k) e ^ a > and 1 {fc<o} (k) di'ipo (a, k ) 


h 2 


2 k z 

uu h ( — k) 


e iJ x° 


(3.37) 


Recalling that w h (—k) = (w h (k))* , the inequality (13.171) leads to 

|l{fc<o} (k)^o(a,k)\ < 2, and |l {fc<0} (k) diipft (a, fc)| < 2 \k\ . (3.38) 
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If k > 0, comparing (13.191) with (13.211) and taking into account (I3.12|) . we get the relation 


l{fe>o} (k)T h (k, 0) = - 


2 ik 

hw h (k) 


The identity: \T h (k,0)\ + |.R h (fe, 0)| = 1, and the representations 

l{fc>o } (k) $(a, k) = e i i a + R h (k , 0)e~^ a , l {fc > 0} (k) d 1 $(a, k) = i\ (e^“ - R h (k, 0)e~^ 

yield 

|l{fc>o} (k)ipo(a,k)\ < 2 , |l{fe>o} {k)d!^(a,k)\ < 2f. 

From (13.381) . (13.411) . and from similar computations in the case of y = b, follows 

\ipo(y,k)\ + h l^'P 1 \9iipo(y> k )\ < C a>btC , y = a,b. 


(3.39) 

(3.40) 

(3.41) 

(3.42) 


The relations (I3.36[) are next considered for y' = a (when y' = b the result follows from similar computations). 
According to (13.211) . we have 


l{fc>o} (fc) ( hw h (k)) 1 d{x+ (a, k) + l{ fc<0 } (k) (hw h (k)) 1 d{x- (b, -k) 


(3.43) 


= (2 k) 1 l{ k >o}d{ipo(a,k) + (2 k) 1 l {fc< 0 } 9^o (M) 
then, the estimate (13.421) lead us to 

l{fc>o} (k) (hw h (k)) 1 d{x+ (a, k) + l{ fc < 0 } (k) ( hw h (k)) 1 d{x- {b, -k ) 


^ Ca,b,c 

f\k\\ 

" 2 |fc| 

K hj 


(3.44) 


with j = 0,1. Both these relations easily extend to all k < 0 by recalling that: w h (—k ) = (w h (k))* and 

d[x h ± (•, —k) = (d(xi (•, fc)) *. Finally, the identities: d 3 lX + (ft, k) = (if 3 e^ b and d{ X - (a, k) = (-if) 3 e~^ a 

(arising from (13 121) 1 and the inequality (13.171) allow to generalize this result to all y = a, b. This resumes as 
follows 


(■ hw h {k )) 1 d[x±(y,k) 


< 


C n 


m 


ifci 


, y = a 7 b, j = 0 , 1 . 


From the representation (13.241) . the boundary values G ± ^’ h ( y,a ) write as 

1 


G k,h {y, a) = 


-X+ (y,k)e **° , for y € { a,b} . 


h 2 w h (, k ) 

Let c > 0 be such that (13.341) holds at consider at first the case k 2 > c; using (13.451) with j = 0, we get 


(3.45) 


(3.46) 


l{fc 2 > c } (k) G k ' h (y,a)\ < l{fc 2 > c } (fc) 


C a 


< 


C a 


h |fc| h (1 + |fc|) ’ 


y = a,b, 


(3.47) 


for a suitable C a ,b,c > 0 (depending on a, 6, c). The function G ± ^’ h (-,a) solves an equation of the type- (13.291) 
with: 7 q = and 75 = 0 ; when k 2 < c, the lemma 15751 applies, allowing to control the boundary values 
G ± \ k \ ,h ( y,a ) according to 

|l{fc 2 <c} (k) G k,h (y, a) | < C a ,b,ch ~ 2 , y = a,b. (3.48) 

Hence, (13.471) - (13.481) lead us to 

|(1 + |fc|) G k,h (y,a)\ < K at b,ch~ 2 , y = a,b. (3.49) 

Using the representation ()3.25[) . the exterior condition: l/ x<a \ (x)X- ( x ,k) = e~^ x and the C x -regularity of 
X- i'ik), it follows 

l[a,b]g fc,/t (y, a) = h 3 w l k ( k j X+ (y, k) e~ l £ a , y = a,b, (3.50) 

and the inequality (13.451) . j = 0, yields 

\H k ' h (y,a)\<Qjj!p, y = a,b. (3.51) 
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Using once more (13.251) . we have 


diH k ’ h (y, a) = d iX+ (y, k) e l * a , y = a,b. (3.52) 

Then, (13.451) . j = 1, implies 

\d!H k ’ h (a,a)\ <C a , b J-^, y = a,b. (3.53) 

For y' = a, the inequality (13.361) follows from (13.491) . (13.511) and (13.531) with a suitable C a ^, c - 
Finally, we reconsider the bound (13.421) : according to (13.241) . the relation (13.361) yields 

G k ’ h ( 6 , a) = ( h 2 w h (fc))' 1 e l ^ b - a) = O ( h~ 2 ) , (3.54) 

uniformly w.r.t. tel. It follows: infg \w h (fc)| > Cq for a suitable Co > 0 possibly depending on the data, 
while, taking into account (13.171) . we get: ( w h (k)) 1 = O ^(1 + fc) -1 ^. Hence, the relations HU (I3.37D . ()3.39l) 

and fU- (13.40p . yield: \ipQ (a, k)\= O (jt (1 + k)~^ ; this improves the previous estimates according to (13.351) . ■ 

Remark 3.5 The result presented in \3.41 stands upon the regularity of the Jost’s solution at the boundaries 
points {a, b}. This property, considered in the Lemma \3.HA generically holds for positive defined and compactly 
supported potentials, while the trace estimates \3.35\) - \3.36\) do not depend on the particular shape ofV, provided 
that it fulfills the conditions {3.34 [). 


3.2 Generalized eigenfunctions expansion 

The result of the Proposition 13.41 can be implemented to obtain an expansion of the modified generalized 
eigenfunctions ipg(-,k) when both 0 and h are small. Using the notation introduced in (13.221) and (13.231) . a 
direct computation leads to 


M h (k, 9) = 

(p(6)H k ’ h (b+,b) ~3(6)d 1 H k ’ h (b,b) 3 (0) H K - ri (a,b) 

/3 (9) G k ’ h (b, b) ~/3(d)H k ’ k (b+,b) 3(6)G k ’ h (b,a) 

1 (—6) H k,h (b, a) -3(-6)d 1 H k ’ h (a,b) 3 (-6) H k ' h (a ~,, 

/ ? \ n r r\\ rrk h( i \ 


-3(6)d 1 H k ’ h (b,a) \ 
-/3(6) H k ’ h (b, a) 
~3(-6) d\H k ’ h (a, a) 
-/3(-d)H k ’ h (a~,a) 


/3(6) H k ’ h (a, b) 

. P (6)G k ’ h (b,a) 

(3 (—6) H k ' h (b, a) —3 (—6) d\H k ’ h (a, b) 3 (-6) H k ’ h (a~ ,a) 

/3 (-6)G k ’ h (a,b) -3(-6)H k ' h (a,b) 3 (-6)G k ' h (a,a) 

(a (6)+ ^3 (6) \ 

a(6)-%3(6) 

a(-6)-%3(-6) 

V a(-6) + ^3(-e)J 


1 

h 3 


where a (6) and 3 (6) are defined by 


(3.55) 


a (6) = 1 + e* , 3 ( 0 ) = 1 - . 


(3.56) 


As consequence of the estimates (13.351) - (13. 361) . for defined 


positive potentials the above relation rephrases as 


M h (k, 6) = 

( a (#) 

1 

~h 2 


36 ) 


3-6) 


\ 


V a(-0)J 

( 3(o)o(h~ 2 ) 3(6)o(\k\h~ 3 ) 

3(6)o[h- 2 (i + \k\)- 1 ) 3(6)o(h - 2 ) 

3 (—6) O (h~ 2 ) 3(-6)Q (\k\h~ 3 ) 

k 3 (-6) o (V 2 (1 + Ifcl)- 1 ) 3 (-6) o {h- 2 ) 


3 ( 6 )o(h- 2 ) 
3(6)o(h- 2 (i + \k\y 1 ) 
3(-6)0(h- 2 ) 
3(-6)o{h- 2 (l + \k\)~ 1 ) 


(3.57) 


3(6)0(\k\h~ 3 ) \ 
3(6)0{h~ 2 ) 
3(-6)0(\k\h ~ 3 ) 
3(-6)o(h~ 2 ) 


being the symbols O (•) referred to the metric space R x (0, ho] and defining continuous functions of k £ M. 
From the definition of a (6), /3(0), the coefficients of A4 h (k,6) result 0-holomorphic and continuous w.r.t. 
(k, 6) € C x K while, using the expansions: a (6) = 2 + O (6) and 3 (6) — O (6), follows 

M h (k,6) = ~lc* +6m h (k,6) , (3.58) 

h z 
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where the remainder term is 


/ o {h- 2 ) 

0{\k\h~ 3 ) 

O ( h- 2 ) 

0(\k\h~ 3 )\ 

o(h- 2 (l + Nr 1 ) 

0{h~ 2 ) 

o(h- 2 (l + i^ir 1 ) 

0(h ~ 2 ) 

O ( h- 2 ) 

o(\k\h~ 3 ) 

O ( hr 2 ) 

0{\k\h~ 3 ) 

K o (h- 2 (1 + Ifcl)- 1 ) 

O ( h~ 2 ) 

O (h~ 2 (1 + Ifcir 1 ) 

o(h- 2 ) ) 


Hence, M h ( k , 8) is invertible for all k provided that 8 is small depending on h, while, from the representation 
(13. 2711 . an expansion of i/jg(-,k) for small values of 8 follows. 

Proposition 3.6 Assume h G (0, ho], |0| < h 2 and let V be defined according to jS.SJfi) for some c > 0. For 
a suitably small ho, the solutions ipg(-,k) of the generalized eigenfunctions problem L‘hlS\) . \8. 19\) - Kd.20\) allow 
the expansion 


(-,k) = 


(3.60) 


O GW' h (-,b) + o(j^j H^ h {-,b) + o(^j G^(-,a)+0^) H^ h (-,a) , 

where the symbols O {•) denote functions of the variables {8,k,h} G B h 2(0) x K x (0,/io] holomorphic w.r.t. 8 
and continuous in k. 


Proof. The coefficients of the remainder m h (k,8) in (13.58li - (13.59D . depending on the variables {8, k,h}, are 
0(/i -3 ); hence, for 16*1 < h 2 and h G (0,fto] with h 0 suitably small, the expansion (13.581) . rephrasing as: 
M h (k,8) = —2h~ 2 l£i + defines an invertible matrix for all tel and the representation (13.271) 

globally holds. In particular, from (13.581) - (13. 591) . a direct computation yields 


and 


(M h (k, 8)) l = h 2 


/ - 1/2 + 0 (ft) 

O (h 2 (1 + fc)" 1 ) 
O(h) 

(h 2 (1+ fc)" 1 ) 


8) = h~ 8 (16 

+ o(h )), 


(3.61) 

O ( hk) 

o(h) 

O(ftfc) \ 


-1/2 + 0 (ft) 

O (ft 2 (1 + fc) _1 ) 

o{h) 

(3.62) 

O (hk) 

-1/2 + 0 (ft) 

O (hk) 

o (ft) 

O (h 2 (1 + fc) -1 ) 

-1/2 + 0 (ft) , 



From the relations (13.351) and the definitions (13.91) . (|3.28l) . follows 


B e T k ’ h = <j e> ( 


(8k 


O 


8k 

1 + k 


O 


(8k 

V T 


o 


8k 

1 + k 


(3.63) 


where the symbols O (■) are referred to the metric space B^ 2 (O)xRx (0, ho]. Making use of the above relations, 
we get 


(. M h (k,8 )) 1 B e T k ’ h 



O 


8k 

1 + k 




(3.64) 


Then, the expansion (13.601) follows from the formula (13.2711 - (13.2811 by taking into account (13.641) and the definition 
of 9k,h,j ■ ® 


3.3 Stationary wave operators and uniform-in-time estimates for the dynamical 
system 

Following [0] , we next construct a similarity between Hjf and Hq by making use of the stationary waves operators 
related to the scattering system }. Let us recall that, for potentials defined as in (13.31) . the generalized 

Fourier transform associated to H]f , 

(?v<p) ( k ) = / 7 d ^. 1/2 (V’o (®> k )Y p ( x ), ‘fi G L 2 (R ), (3.65) 

Jr (27 rh) 7 

is a bounded operator on L 2 (M) with a right inverse coinciding with the adjoint (j-y) 

{^vY f( x ) = [ . ^i /2 V’o {x,k)f(k), (3.66) 

J ( 27 rh) 
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and it results: Jy (Jy)* = 1 L 2 ( R ) in L 2 (R), while the product J-y defines the projector on the absolutely 

continuous subspace of Hq (cf. [13]). In addition, when V is positive defined, H[} has a purely absolutely 
continuous spectrum coinciding with R + ; in this case Tp is an unitary map with range L 2 (R) and the rep¬ 
resentation: = (Jy) holds. According to the above notation, the standard Fourier transform 

operator, corresponding to the case V = 0, is next denoted with Tq . We consider the maps </) k and acting 
on L 2 (R) as 

/) = [ 7—771/2 /( fc ) GW,h (■. “) (*&>) (fc), « G {a, &} , (3.67) 

Jr (27m) ' 


^a(vJ) = [ d \ /2 g{k)H w ’ h (-,a) (T$tp) (fc), ae{a, 6 }. (3.68) 

Jr (2tt/i) 7 

Here G k,h and H k ’ h are the limits of the Green’s functions on the branch cut (see the definition in (13. 2411 - (13.251) 1. 
while / is an auxiliary function, possibly depending on h and 9 aside from fc. 


Lemma 3.7 Let h E (0,fco] and V be defined according to (3.34\ ) with ho suitably small. Assume fj=i ,2 £ 
L*jfi (R) such that: f = O (k) and g = O (• Then it results 


h ||0a(’> /)IL(l 2 (r),) + l|V’a('j3 )||£(l2( R )) < C a ^, c h , (3.69) 

and 

h || < ( , a(')/)||£(ff2( K ) ii? 2( K \{ Qii ,})) + ||V’a('iff)||£(_y2( R ) i/i -2( R \{ 0ib })) < C a ,b, c h , (3.70) 

where C a ,b,c Is a positive constant depending on the data. 

Proof. We show that each of the maps (•, /) and ipa (•, y), a = a,b, can be expressed as a superpositions of 
terms having the following form 

l{x>a}7j (mi + T’opfi) + l{x<a}7 'a {h3 + Vop.fi) Ty , (3-71) 

where pi £ L'jfi (R), T k = (Vq)* or T k = (Jy)* depending on a = a,b, while V denotes the parity operator: 
Vu{t) = u(—t). The estimate (13.6911 is a direct consequence of this representation. Let us focus on the case 
a = b and explicitly consider <j) b fi, /). As it follows from (13.24p ~ d3.21L the functions G^ ,h (•, b) and H^ ,h (-, b) 
allow the representations 


G^ h (x,b) = l {x > b} (x) 


e^ x X - (b, |fc|) + l {x<b} (x) 


h 2 w h (\k\) 


-1 


2 i |fc| h 


^o(x,-\k\)e z 


(3.72) 


H^ h (x, b) = l {x > b} (*) h2 J; e^ x d lX h _ (fc, |fc|) + l { x<b} (*) 

The condition f (k) = O (fc) and the estimates d3.45l) implies: ( h 2 w h 
2 Ak\h f{k) el ^ h = O (fc -1 ); thus, using d3.72D for x > b we get 


|fc| 

2 h 2 k 


i>o{x,-\k\)e' 


IM) 


(fc)) 1 f(k)x h - (fc, |fc|) = 


1 {x>b}K(vJ) = 


(3.73) 
O (fc -1 ) and 


!{x>6} ( [ + °° -%- 2 o (fc -1 ) e<** (J^) (fc) + f° —^ O (fc -1 ) e -i ^ (J$*>) (fc)) . (3.74) 

o (27 rh) ' J —oo (27 rh) ' ) 

The previous identity rephrases as 

1 {x > b }<ft(v, /) = l{x>6 } {n ()* [l{fc> 0 } (fc) (O (fc- 1 ) +VoO (fc -1 )) J^<p] , (3.75) 

where the symbols O (•), denoting functions of the variables fc and fc, are defined in the sense of the metric space 
R x (0, fc 0 ]. Using (13.721) for x < b leads to 

l{x<f>}(fcfc (Z 3 , /) 


/• + OO 


1 


dk 


{x<6} 


(2nh) 


1/2 


0(fc -1 )^(',-fc) (Tv?) (fc) 


dfc 


. — oo (2nh) 


1/2 


0(fc -1 )^(-,fc)(J-^)(fc) , (3.76) 
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and, proceeding as before, we get 


1{,<6}06 (¥>, /) = l{,< b} W [l{ fc <0 } (k) (v O o ( h - 1 ) + O ( h - 1 )) ,7>] . (3.77) 

From (13.7511 and (13.771) we get a representation of the type given in (13.711) 

06 (*>, /) = l{x> b} [l{fc>0 } (k) (O ( h - 1 ) + P o 0 (hr 1 )) J>] 


+l { , <fe} (•?$)* [l{fc<0 } (k) (V O C? (h- 1 ) + O (h- 1 )) , (3.78) 

from which it follows: (<p, /) || i2 ^ < 1/h ||v 3 |Il 2 (R) ■ Recall that the generalized Fourier transform is a 

bounded map from H 2 (R) to the weighted space L 2 ' 2 (R), defined by 

L 2,a (R) = {«a 2 (R) : (1 + k 2 ) a/2 u £ L 2 (R) j , (3.79) 


namely, we have 

•7-y £ B (H 2 (R), L 2 ’ 2 (R)) , and (j$)* £ B (L 2 - 2 (R), H 2 (R)) . (3.80) 

Since h (O (h _1 ) + V o O (h -1 )) is bounded on L 2 ’ 2 (R) uniformly w.r.t. h £ (0, h 0 ], from (13.781) we also have: 
|| < / , b(¥5 /)||ff2 (K \{ b }) < 1/h IMIif2(R) ■ I n the case of ipa(<p,g), the representation (13.731) allows similar compu¬ 
tations leading to: \\ipE{ip,g)\\ L2(M) < 1/h 2 ||¥>|| i 2 (R) and \\if%(ip, g) || ff2(RUb}) < l/^ 2 IMI ff 2 (R) • For a = a, a 
representation of the type (13.711) for the maps (13.67F(13.681) is obtained by a suitably adaptation of the previous 
arguments. ■ 

The stationary waves operators Wg are defined by the integral kernel 

We(x,y)= j ^rtpg(x,k) (^(x,k))* . (3.81) 

J K 

These have been considered in a slightly different framework in m, where, using an energy cutoff (corresponding 
to a cutoff in k in (13.811) 1 and suitable spectral assumptions, estimates of the type (13.691) are obtained and a 
small-0 expansion of Wg is provided with for h £ (0,ho] ( see QH) Lemma 4.2 and Proposition 4.3]). In our 
setting, the positivity condition (13.341) allows generalize this result as follows. 


Proposition 3.8 Let h £ (0, ho], with ho suitably small, V be defined according to \3.3I$ and |0| < h N °, with 
Nq > 2. Then {Wg , 9 £ B h N 0 ( 0)} form an analytic family of bounded and invertible operators on L 2 (R) 
fulfilling the expansion 


|W£ - 1 


e - i i 2 (R)||£ (L 2 ( 


0 % h ) 


£(L 2 


< C aAc h N °~ 


(3.82) 


where C a ^, c is a positive constant depending on the data. 

For each 9 £ B h n 0 (0), Wg £ B ( H 2 (R), H 2 (R\ {a, 6})) with ran (Wg ( H 2 (R)) = D (Ag) and it results 

H$W% = WgH£ . (3.83) 

In particular, Wg is an isomorphism: H 2 (R) —> D (Ag) (considered as an Hilbert subspace of H 2 (R\ {a, b})). 

Proof. Due to the assumptions: \9\ < h 2 , the formula (13.601) applies and the action of Wg on^e L 2 (R) writes 
as 


WgV = (J%)* ip$v) (k) + J2 


dk 


y.—a,b 1 


(2irh) 


1/2 


O 


“) Gltl ' 


(•, a) + O 


9k 

1 + k 




(■*&¥>) ( k ). 


(3.84) 

where O (•) here denote bounded functions of the variables {k,9,h}, holomorphic w.r.t. 9. With the notation 
introduced in (13.67D - (13.68D . the identities: O (g) = gO( 1) (see the definition 12.31) and l i 2( K ) = (py) * (F^ip) 
yield 

(Wg h -1 l<t> h a (v,0(k)) + 9^(g>,0(k(l + k)- 1 )) , (3.85) 

ot—a : b L J 

Then, (13.691) applies to the r.h.s. of (13.851) and using |0| < h N °, we conclude that 


m ~ 1 


g ~ 1 l 2 (R)|| £(L 2 ( 


< C a , c h N °~ 2 . 


(3.86) 
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Then, for ho suitably small, Wg G B (L 2 (R)) is invertible and (Wg) 1 fulfills an analogous estimate; this yields 
(13.8211 . The action of Wg over L 2 (R) is defined using the expansion (13.8511 . Each of the maps <j>^ (•, O (k)) and 

^ (•.©(fca + fc)' 1 )), appearing in this formula expresses as a superposition of the form (cf. (13.711) ") 

l {x > a} T a h (hi ,a + Vo^2 ,a) + 1 {x<a}Ta (h3,a + 'P°HA, a ) (3.87) 

being, in our case, bounded functions of {k,9,h}, holomorphic w.r.t. 9. Thus, <j>^ (-,0(k)) and 
Va ® (k (1 + fc)^ 1 )) define holomorphic families of bounded maps on L 2 (R) and, due to (13.85|) . this still 
holds for Wg. 

Let us consider the action of Wg on H 2 (R); using (13.8511 . (13.7011 . we get 

11 Wg — Iff2 (R\{o,b}) II £(#2 (R\{a,6») — ^a,6, c /i ° ■ (3.88) 

This implies: Wg £ B (f7 2 (R), H 2 (R\ {a, &})), while, from the definitions (13.1811 and (13.811) . Wg <p fulfills the 
interface conditions (0>; it follows 

ran (w£ \ H 2 (R)) C D (Ag) . (3.89) 

Let if G H 2 (R); using the functional calculus of Hq, we have: (Jy (i?Q y>)) ( k ) = k 2 (k ), and, from the 

definition (13.81L the r.h.s. of (13.831) writes as 

r rlU 

Wg^oV = J R ^ V# (*, k)k 2 ( k ). (3.90) 

Using once more the definition (13.8111 and the relation: (i7g — k 2 ) ipg{-,k) = 0, the l.li.s. of (13.8311 identifies 
with 

r rib 

= J r ^ k)k 2 ( k). (3.91) 

From (I3.90D - (13.911) we get the intertwining relation (13.831) . Since (Wg ) 1 exists, we also have: 

(W#)" 1 H% = (Wg^) -1 , which implies 

ran ((Wg' 1 )” 1 \ D (Ag)) C H 2 (R) . (3.92) 

From (13.8911 and (13.9211 . follows: ran (Wg f H 2 (R)) = D (Ag). Thus, the restriction Wg f H 2 (R) is injective 
(since (Wg) 1 exists in C (L 2 (R))), and surjective onto ran (Wg f H 2 (R)) = D (Ag). ■ 

Remark 3.9 The explicit bounds for the factors O (•) appearing in US. 60\) depend on the trace estimates provided 
by the Proposition ^. 4\ According to the Remark \3.5\ these are independent from the potential’s profile, provided 
that the assumptions are fulfilled. As a consequence, the expansion \ 3. 6(A) . as well as the relations l3.69\) - fr3.7(fy 
and the expansion \3.86\) hold uniformly w.r.t. any family of potentials for which the conditions \3.3f | ) hold for 
a fixed c > 0. 

Due to the result of the Proposition 13.81 Wg is an invertible map as far as h G (0,ho) and \6\ < h N ° (with 
N 0 > 2 and ho small); under these conditions, the intertwining property (13.831) yields a similarity between Hg 
and Hq ; this allows to define the quantum dynamics generated by Hg by conjugation. 

Proof of the Theorem I2.1L The first part of the statement follows from the Proposition 13.81 
For the second part, let us introduce 

e~ itH ° =Wge~ ltH Z (Wg 1 )” 1 . (3.93) 

Under our assumptions on the potential, (Hq generates a strongly continuous group of unitary maps both on 
L 2 (R) and on H 2 (R). According to the results of the Proposition 13.81 Wg is bounded and invertible on L 2 (R), 
while its restriction Wg \ H 2 (R) G B (H 2 (R), H 2 (R\ {a, 5})) has ran (Wg f H 2 (R)) = D (Ag). Hence, Wg is 
a bijection: H 2 (R) D (Ag) and the modified propagator e~ ltH <> is strongly continuous both on L 2 (R) and on 
D {Ag) (w.r.t. the corresponding topologies). Moreover, from the identity: idte~ ltH ° if = H]fe- ltH ° ip, holding 
in L 2 (R) for any ip G H 2 (R), it follows 

id t (e~ itH ° u) = Hge~ itH ° u, uGD (Ag) . (3.94) 

Then e~ ltH(3 identifies with the quantum dynamical system generated by iHg . 

Finally, since Wg and (Wg ) 1 are analytic w.r.t. 8 , e~ ltHf > has the same regularity and the expansion (12.31) 
follows from (13.8211 . ■ 
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4 The time dependent case 


We consider the time dependent family of modified operators Hg (t) defined according to (12.41) when the potential 
is a continuous function of the time fulfilling the conditions 


V(t)6C°([0,T] 1 i“(R,R)), supp V (t) = [a, b] , l [o , 6] V (t) > c, (4.1) 

for a suitable c > 0. The 0-dependent time propagator Ug (t, s) associated to Hg (f) solves the evolution problem 


id t Ug ( t , s)u = Hj} ( t ) U£ (t, s) u , 

Ug (s,s)u = u, u £ D (Ag) , 0 < s < t < T. 


(4.2) 


A standard strategy in the definition of the quantum dynamical system generated by a non-autonomous 
Hamiltonian, consists in using an approximating sequence whose terms are stepwise products of propagators 
associated to the ’instantaneous’ Hamiltonians (cf. 43]). This approach requires stability estimates for the 
product of the instantaneous propagators in suitable spaces. 


4.1 Stability estimates 

In the following, D (Ag) is considered as an Hilbert subspace of H 2 (R\ {a, b}) (see the definition (11.11) 1 and the 
notation C (D (A#)) refers to the linear operators on D (Ag) w.r.t. its topology. 

In the time dependent case, the instantaneous propagators ^ verify the relations 

e~ itH e(s) = W h e -itH%{s) ( W h (s))- 1 ; (4.3) 

where the maps Wg (t) now depend on time according to V (f). Let us recall from results of the Proposition EH] 
that, for any t £ [0, T], Wg (t) is bounded and invertible on L 2 (R), while its restriction to H 2 (R) is a bijection: 
H 2 (R) —>• D (Ag). In particular, following the Remark 13.91 from the estimate (13.861) we get 


te s s p T] 

h£(0,ho] 


K (t)) 


-i 


C(L 2 


A A a g c , 


(4.4) 


for some A aj g jC > 0 depending on the data, provided that ho is suitably small and |0| < h N ° , with No > 2. The 
selfadjointness of Hq ( s ) then yields 


sup 

teR, se[o,T] 
h£(0,h o ] 


-HHq (s) 


C(L 2 


A Ka,b,c ; 


V \e\ <h N °, No > 2, 


(4.5) 


for a suitable K a ^ c > 0. Under the same assumptions, the estimate (13.881) and the Remark [31791 suggest 

11^0 II — Ba Ac • (4-6) 

h£(0,ho] 


According to the results of the Proposition ^. 81 ran (Wg ( t) \ H 2 (R)) = D (Ag) for any t and (Wg (t)) 1 exists 
in B (D (A e ), H 2 (R)). Then gH]) yields 


sup 

te[o,T] 

ti6(0,ti 0 ] 


{We®) 1 


C(D(A e ),H 2 (R)) 


< C a ,b,< 


(4.7) 


Since e ltH ° ^ defines a unitary (strongly continuous) flow on H 2 (R), from the definition (14.31) we obtain 


sup 

te r, se[o,T] 

h£(0,ho] 


g — itHg (s) 


C(D( A e )) 


A A a,b,c ; 


V |6»| < h No , No > 2 . 


(4.8) 


For T > 0 we next introduce the partition [0, T] = U” =1 [tj-i,tj], where tj = jT/n and t 0 = 0; the 
step-propagators Ug n (i, s) are defined by 


K n (t, 8 ) 


Ug,n (t, tk+j-l) Ug n (tk+j-1, tk+j- 2) Ug n (tj , s) , 


®, t £ [tj — 1 ) tj] , 

^ [tj — lUj] j t £ \pk-\-j — 1 1 tk-\-j ] • 

(4.9) 
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Under the assumption of the Theorem 12.11 each factor in Ug n (t, s ) defines a 0-holomorphic family of bounded 
operators on L 2 (R), strongly continuous w.r.t. the time variables. Then for each n , Ug n ( t,s ) is 0-holomorphic 
and strongly continuous in t and s on L 2 (R), while, according to its definition, we have 

K,n (s, s) = 1 L 2 (r) , [/£„ (t, s ) = Ug tH ( t, r ) [/£„ (r, s) , Vs < r <t. (4.10) 

The result in Theorem l2.1l also imply that each factor in Ug n (t, s ) is bounded on D (Ag) and strongly continuous 
in the time variables (w.r.t. the £ (D (A#)) topology). Thus, Ug. n (t, s) is bounded strongly continuous in t and 
s on D (A g) and introducing: Hg n (t) = Hg (^ [^$]) ([•] denotes the floor function), from (13.941) the identity 

id t Ug n (t, s)u = Hg n (t) Ug n (t, s) u , VO < s < t < T, u G D (A e ) , (4.11) 

holds in L 2 (R). The additional condition (see the definition (12.7)1 1 

V (t) — V (s) G Wq’°° ([a, 6]) , Vi,ae[T, 0] . (4.12) 

is next used to obtain stability estimates for the sequence Ug n (t,s). 

Lemma 4.1 Let V (t) fulfills the conditions (3 h e (0,/io], with ho suitably small, and |0| < h N °, with 
Nq > 2. There exist C a ,b,c and C a ^^ c positive and possibly depending on the data, such that 


n£N*, /iG(0,/io] 

If in addition holds, then 


sup ||U^„(t,s)|| <exp C a , 6j0 sup ||V(t)|| i0 o (R) , 

,«e[o ,T] 1 \ te[o,T] J 


t > s. 


(4.13) 


sup \\ulf {t,s)\\ < exp \C aAc sup IIV(t) -V(s)|| iy2 ,«, ([ 6]) 

t,«e[0,T] ' l t,s£[0,T] u " 

nGN*, h£(0,ho] 


t > S . 


(4.14) 


Proof. Let us fix j e{l,...,n},s€ [tj-u tj] and consider Ug n (t, s); if f S [tj-i • £_-■]■ then (14.131) is a consequence 
of (14.51) . If t G [tk+j-i,tk+j] for some k G {1, n — j}, then Ug n (t, s) is a product of k + 1 terms and writes as 


Ug tn (t,s) = e i(t tk +j -i)HUtk +j -i) e ^ 

Let 77i G {1, n} and 

r 

I% (t, r, m) = -iJ e -<(r-*)ff # h (tj-i) (V(i m _!) - V(i i _i))e- < (*- r ^»( t "- 1 5 dx. 

r 

Each factor in Ug n ( t , s) allows the representation 

U^ n (t, r) = = e-Hr-rWto-A + jh {r ^ m) ; T , r e [t ro _ 1)tro ] , 

and the identity (14.151) rephrases as 

Kn (*,*) = + J* (t, tk+j-^k + j)) O 


(4.15) 


(4.16) 


(4.17) 


(n + 1 % (t k+J -e,t k +j-e-i,k + j - f))^J 




(4.18) 


To simplify the notation let us fix no = k + j < n and assume, without loss of generality, assume that j = 1 
(which implies tj-\ = to = 0); it follows 


£#„ (M) = (e- < (*- t -o-iK(0) +J h( t}tno _ i)Tl0 ^ 



l)Hg(p) I jh . 

i y^riQ—Zi l "n 


-e-i,no ^ £) 




+ Is (U, s, 1 



(4.19) 
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Each contribution to the sum obtained by expanding this product of n o binomials is a product of no factors 
corresponding either to the quantum propagators associated to Hg (0) either to the operators Ig. Recalling 

that in ^ n ° ^ terms of this sum the factors Ig appear m times, we get 


n 0 b„ 


Ug,n (t, «) = £ £ F f>,m {t, s, I) , bm = 


m —0 1= 1 


n 0 

m 


(4.20) 


where Fg ( t , s,£), possibly depending on t and s, denote the contributions to Ug n ( t , s ) where m terms of the 
type Ig appear; using the group properties of e~ lTHf> ^ and the definition (14.161) . these are factorized according 


to 


Fg h m (t, S J) = 


I 


n 

p =i 


"Jp } 

-i J (°) (v - V (0)) (‘jp-i) dx 


\ 


o -i( Zp -s)H^( 0) 


(4.21) 


being j p is a strictly decreasing subsequence of {1,2,..., no} and r p > r p , z p > s suitable values in [0, T] 
depending on t, s and I. The estimate (14.51) and 


-ip 

J e -i(T P -x)H*(0 ) (y _ y ((J)) e -i(x-r p )^(t 3p _i) ^ 


< 2 ^£ sup ||V(f)|| ioo(R) , (4.22) 

n te[o,T] 


£(L 2 (R)) 


imply 


I Fi m I 


< 


C Q 


sup \\V(t)\\i 


£(L 2 (R)) — I „ *e[0^ II" WMio “ ( R) 


(4.23) 


for some C a ,b,c > 0 depending on the data; setting: C a ,b,c,v = C a ,b,c su PtG[o,T] II V WIIl°°(r)’ fr° m (|4.2Q)) follows 


0 / \ 

| t/ 0,r t (*i S )|| £(i 2 (R)) < £ ( TO J 

ra=0 ' ' 


n o / \ / /~i \ m n 

no \ / ty a,b,c,V 


^£ 

ra =0 


n 

m 


C a ,b,c,\ 


= 1 + 


c, 


a,b,c,V 

Tl 


(4.24) 


Since this bound holds independently from t,s £ [0, T] and h £ (0,/io] provided that \0\ < h N °, with N 0 > 2, 
we get 

C a ,b,c,V 


t ;j T ]ll c/ M ( M ) IL ( i 2( E)) <( 1 + 


he(0,ho] 


t>s. 


Cg,b,c,V ) _ g>Ca,b,C,V 


(4.25) 


_______ / \ ' 

Then, the uniform estimate (14.131) follows from the limit: linin^oo (1 + ) 

Let us remark that a function ip £ L°° (R) D Wg '°° ([a, b]) such that: supp^ = [a, b] is a multiplier of 
D (Ag)-, in particular, for any u £ D (Ag) it results: ipu £ Hg (K\ {a, b}) C D (Ag) and ||^M|liT 2 (R\{a < 
||V , llw 2 .~([a b]) ll w lli? 2 (R\{a {>})■ Then, the estimate (14.81) and the assumption (14.121) yield 


-jp 

J e -i(T p -x)H*(0 ) (y _ y (0)) ^ 


< 


k‘i 


a,b,c 


cm a 8 )) 


Proceeding as before we have 


C a ,b, 


F e (M^| ad(4( )) < — r~ sup ||V(t)-V(s)|| wa , 00([0) . 


sup ||V (t) — V (s)ll wa .oo C[ttjfe]) , 
n t,«e[o,T] u u 


(4.26) 

(4.27) 


b]) 


n t,«e[o,T] 

for some C a ,b,c > 0 depending on the data, and the representation (I4.20I) - (I4.21I) lead us to (14.141) ■ 

Remark 4.2 The constants C a ,b,c and C a ,b, c in 4-HV do not depend on T once the assumptions J■).![ ], 

are fulfilled. 
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4.2 The existence of the dynamics 

We next show that Ug n ( t,s) approximates the the dynamical system Ug (t,s) introduced in (Id. 2D : the proof 
adapts the strategy used in [5J Theorems 4.1 and 5.1] to our framework. 

Proposition 4.3 Under the assumptions of the Lemma \4 ~/| the sequence Ug n (t, s) uniformly converges in the 
C (I? (R)) topology to a limit operator Ug ( t , s) such that 


SUp \\Ujf{t,s)\\ ( 2 
t,se[o,T) { 

/iG(0,/io] 


<exp C„ Ac sup ||V (t)|| L „ 
V te[o,T] 


sup | \Ug (t) 

1 ^ V t,se[ 0 ,T] 


t> s. 


t,se[o,T] 

h&(0,h o ] 


(0=V - 

’ ’ \ n 

and (|4.30[) rephrases as 

(*, s) - U^ m (i, s)) u=-ij E# n (i, t') (v 


Tit' 


T 


)~ v ( L 171 

J \m i I 


nt' 

~T 


- V 


mt' 

~Y 


(4.28) 


(4.29) 


Moreover Ug (t, s) £ C(D (Ag)) with 

< exp C a }, c sup ||V (t) - V (s)|| W 2 .=o ([ai6]) 

V t,se[o,r] J 7 

The positive constants C a ^, c , C a ,b,a possibly depending on the data, are independent from T. 

Proof. Let s,t £ [0,T] and t > s; from (14.IIP , the relation 

(Ug h n (t, a) - U£ >m 0 1 , s)) u = -if U* n (t, t') (H* n (; t') - H* m (; t ')) U^ m (f, s ) u dt' , (4.30) 

J S 

holds for any u £ D (Ag). The difference at the r.h.s. writes as 


(4.31) 


Ug\ m {t', s)udt'. (4.32) 


Since both the l.h.s and at the r.h.s. of (I4.32D define bounded operators on L 2 (R), the density of the inclusion 
D (Ag) C L 2 (R) allows to extend this identity to the whole space. Using the result of the Lemma T4.11 we get 
the estimate 


2 r T 

( T 

nt' 

\ ( T 

mt' 

\ 

< Kb,c / 

Jo 

V - 

\n 

T 

h v U 

T 

) 


IMIl 2 (r) ^ i (4.33) 


while the regularity of V (t) yields 


lim 

n,m—>• oo 


,, (T 

nt' 

\ „ (T 

mt' 

\ 

V - 

T 


T 


\n 

) \ m 

J 


= o. 


(4.34) 


L°°(R) 


Hence, for any u £ L 2 (R), Ug n (t,s)u forms a Cauchy sequence in L 2 (R), uniformly w.r.t. t, s £ [0, W] and 
h £ (0,/i 0 |. As a consequence, Ug n (t,s)u uniformly converges to a limit Ug(t,s)u allowing the bound (see 

(ESI)) 


sup 

s,te[o,T], 


I Ujf(t,s)u\ 


L 2 ( R) — 


sup 

t,sG[0,T] , 
n£N* , /iG(0,/io] 


I uL 


(M)| 


£(L 2 (R)) 


II m IIl 2 (r) 


< exp ^C a ,6, c jup^ ||V(t)|| L =c (R) J ||m|| L 2 (r) ■ (4.35) 

where, according to the Remark l4~2l C a ^, c > 0 is independent from T. Then, Ug n (t, s ) uniformly converges to 
Ug (t, s) in the C ( L 2 (R)) topology with 


sup \\Ug(t,s)\\ c(L2(m) <exp 
s,tG[0,T], v v ” 

h£(0,ho] 



sup ||V(f)|| ioo(R) 
te[o,T] 


(4.36) 


17 










































When u £ D(Ag), the sequence Ug n (t,s)u is uniformly bounded in D (Ag) (see (14.1411 b Being D (Ag) 
reflexive (as a subspace of H 2 (R\ {a, &})), there exists a subsequence of Ug n (t,s)u weakly convergent in 
D (Ag). Hence: Ug (t, s)u £ D (Ag), and the bound 

sup \\Ug(t,s)u\\ ( )) <exp[c aAc sup IIV(t) — V(s)|| w 2 ,oo (fo61) N| d(a ) , (4.37) 

«,te[o,T], 1 1 V t,se[o,T] U,J 7 v ' 

^G(0,/io] 

follows from (14.141) with C a ^, c are independent from T. ■ 

For t £ [0, T) fixed, let us denote with Ug n the semigroup sequence obtained following the construction (14.91) 
in the trivial case of the time independent Hamiltonian Hg = Hg (t). It results 

U^ n (t, s) = e -K*-') H $(t ), Vn € N*, and t > s, (4.38) 

while using (14.111) for Ug n (t, s) and Ug n (t, s), we obtain the identity 

(Ug, n (t, s) - £#„ (t, a)) u = -ij U& >n (t, t') (v (t) - V ^ ) E#„ (t\ s) u dt', (4.39) 

holding for all u £ L 2 (R) (due the density of the inclusion D (Ag) C L 2 (R)). Taking the limit as n —>• oo and 
using (14.381) . the result of the Proposition 14.31 yields 

((*) _ ufr (t, s )) u =~ i f s (*) (V (t) - V (t')) U$ (t', s) u dt '. (4.40) 

Theorem 4.4 Under the assumptions of the Lemma there exists an unique family of operators Ug (t, s), 
strongly continuous in t and s w.r.t. the C ( L 2 (R)) topology, fulfilling the identities 

K (s, s) = l i2(R) , U% (t, s) = U% (t, r) U£ n (r,s), Vs<r<t, (4.41) 

and such that Ujf (t, s) u is the solution of the problem ffd ?[ ) for all u £ D (Ag). 

Proof. For each n, Ug n (t, s) is strongly continuous in t and s w.r.t. the C ( L 2 (R)) topology, and fulfills the 
identities (14.101) . The uniform convergence of the sequence in C ( L 2 (R)) allows to extend this characterization 
to its limit Ug (t , s). 

Let u £ D (Ag), t £ [0,T] and S > 0; the relation (14.401) yields 

U% (t, s)u = e-W-'in'i*) + i [ (*) (V (t) - V (t')) U& (t\ s)udt '. (4.42) 

J S 

It follows 

(t# (t + S, s) - Ujf (t, a)) u = (e-i(t+6s) H Z(i) _ (t)>j u 

+ i (e~ iSH Z (*) - l) J* e ~ i { t ~ t ') H e (0 (V (t) - V (; t ')) U% (t', s) u dt' 


rt-\-8 

+ ie~ i 5 H W) J (*) (V (t) - V (f)) U% (f, s) u dt' . 


with 


(t) _ jjh ^ u = -ij t (*) (V (t) - V (■ t ')) U$ (f, s) udt' £ D (Ag) 

Since d/dte~ ltHe = — iHg (t) e~ ltHe for all u £ D (Ag), we get 

Jim \/8 (Up (t + 6,s) — Ujf (t, a)) u = -iH& (i) (*) u 


(4.43) 

(4.44) 


S— >o+ 


+ H% (t) f (*) (V (t) - V (t')) U% (t', s) u dt' 

J S 


/ t+5 

e -i(t-t')Hi(t) ^ _ y ^ jjh s ^ udt i } (4.45) 
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which leads to 


lim 1/5 (Ug (t + 5, s) — Ug (t, s)) u = —iHg (t) Ug (t, s) u 
8 — > 0 + 


nt+8 

+ lim i/S e - i4 ^(*) / e -*(t-t')ffg (t) / v _ v (*')) i/h ^ a ) udi / _ ( 4 _ 46 ) 

<5^0+ J t 


In particular, choosing t = t, we have 
/»£+<5 


(y ^ _ v (£/)) Jjh ( t / ) s ) udt ' 


<SC a ,b,c Sup ||V(i) - V(i')ll = o((5) 


L 2 (R) 


t'e[t+<5,t] 


and the previous limit reduces to 

lim 1/(5 (Ug (t + 5, s) — Ug (t, s)) u = —iHg (t) Ug (t, s ) it . 


<5->-o+ 


(4.47) 


This shows that: D /"t/g 1 (t, s) it = —iHg (f) [/g - (t, s) u for any u £ D (Ag). Following the same line for the left 
derivative, we obtain 

jU% ( t , s)u= -iH h g ( t ) Ug (i, s) « . (4.48) 

Assume that Vg 1 (t, s) is a solution of (14.21) : then it expresses as 

(W* (t, 8) - u£ >n (t, s)) u= -if U^ n 0 1 , t') (H& (f) - H'g\ n (0) V,* (t\ s) u dt '. (4.49) 

«/ S 

Estimating the difference at the r.h.s. as in (I4.33D - (14.34D . we get the identity 


Vg (t, s) = lim Ug (t, s) = Ug (t, s) , 


(4.50) 


both in the C (L 2 (R.)) and in the C (D (Ag))-norm sense. This yields the uniqueness of the solution. ■ 

We are now in the position to conclude the proof of the Theorem 12.21 
Proof of the Theorem 12.21 The first part of the statement follows from the results in the Theorem 14.41 Let us 
discuss the estimate (12.1011 . For each n, Ug n ( t , s) is 0-holomorphic in C ( L 2 (R)) and the uniform convergence 
of the sequence implies that Ug ( t,s ) is 0-holomorphic w.r.t. the L 2 (R)-operator norm in the ball: \6\ < h N °, 
N 0 > 2. Let us fix t, s and h; it results 


U%{t,s)-U%(t,s) = 6D h e {t,s) , 


(4.51) 


where the operator Dg (f, s ) fulfills the estimate 


sup \\Dg (t,s)\\ c( 2( .. < m h (t,s) 
\8\<h N o ( *■ 


(4.52) 


with m h (i, s) > 0 possibly depending on h and on the couple t, s. Fixing 9 = h 2+s with 5 > 0 arbitrarily small, 
it follows 

\\Ug (t, s) — Uq (t, s)|| £(i 2 (R)) < h 2+5 m h (t, s) , (4.53) 

The uniform bound (14.281) implies 


sup \\U% (t,s) - U$ (i,s)|| £(i2(R)) < 2 exp l C a , b ,c sup ||V(f)|| io 
t,se[o,T] v \ te[o,T] 

h£(fi,ho] 


t > S , 


Hence, (14.531) yields 


sup m h (t, s) < 
i,«e[0,T] 


h; 2 +s 


sup ||V (£)||j 
te[o,T] 


(4.54) 


(4.55) 


with b c > 0 possibly depending on the data, but independent from T. The estimate (12.101) finally follows 
from dSU-gAS) and (1435D . ■ 
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